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Sparsity in Signal Processing
x 2 RN

, B = {b1, . . . , bN} Basis of RN
.

x =
NX

i=1

↵ibi , i.e. x = B↵ .

What is a “good” basis?

Pixels (Dirac basis)

Fourier

Wavelets



Sparsity in Signal Processing

Sparse Coding - Learning

Learned dictionary D by training on MNIST 
digits

x ⇡ D↵, with #{|↵i| > 0} small

More zeros with a redundant dictionary: D 2 RN⇥M
, M > N :

Even more zeros with adapted dictionaries:

handwritten digit dictionary



Sparse Modeling
❖ Inverse Problems in Image processing!

• Denoising, Inpainting, Super-Resolution,…!

❖ Unsupervised Learning!

• Video-surveillance, Source Separation,..!

❖ Supervised Learning!

• Object Recognition
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K-Means on MNIST

Y i Mk (K = 25)



K-Means Algorithm
❖ Minimize wrt M:!

!

❖ Lloyd Algorithm:

E(M) =
PX

i=1

min
k=1...,K

kY i �Mkk2

Fix M and update assignment:

For each i  P , k(i) = argmink kY i �Mkk.

Fix assignment and update M :

For each k  K, Sk = {i ; st k(i) = k}.
Mk = 1

|Sk|
P

i2Sk
Y i



How to use K-Means?

For a new sample Y, find k such that

k = argmin
k

||Mk � Y ||22

For k = 1..K
zk = (Mk - Y)T (Mk - Y)

End
k = index of min(z)

Representation (1 of K)

z = [0 0 0 0 ... . . . .  .   zk ..... . . . . . 0 0  0]



Sparse Coding

Represent an input vector using an overcomplete dictionary

Y D
z

# of dictionary elements > size of input

Each Y is represented using a linear combination of columns of D

Input Dictionary
Representation (sparse)

How do we calculate z for a given Y?

How do we learn D?

# of zero elements > > > # of non-zero
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Sparse Coding - L0

1) Find the sparsest solution that satisfies a 
given reconstruction error

min||z||0 s.t. ||Y �
X

i

Dizi||22 ⇥ �

2) Find the best k-sparse representation that 
minimizes reconstruction error

min||Y �
X

i

Dizi||22 s.t. ||z||0 = k

L0 minimization requires search

not tractable



Sparse Coding - L0
Matching Pursuit Algorithms offer greedy 
solution [Mallat and Zhang ’93]

Greedily pick the dictionary element that 
reduces residual most

very fast, but unstable

Function MP (Y,D,n)
R=Y,z=0
for k=1..n
i   = argmax(DTR)
z_i = DiTR
R   = R - z_i Di

end



Matching Pursuit Example

Sparse Coding - Learning

Learned dictionary D by training on MNIST 
digits

Y

D



Matching Pursuit Example
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Matching Pursuit Example
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Sparse Coding - L1

Relax L0 into closest convex penalty

Equality of minimum for L0 and L1 is proven 
under certain conditions [Donoho and Elad ’03]

Input Dictionary Representation

Convex in z and D separately, not both

Fast algorithms exist for solving wrt z

1

2
||Y �

X

i

Dizi||22 + �
X

i

|zi|1



Sparse Coding - L1
❖ Proximal Splitting Methods (gradient descent):!

• 1st order methods!

• Formulation for general functions of the form!

!

!

• Quadratic Approximation of F(z)+G(z) at z’:

min
z

F (z) +G(z)

G convex, continuous, and possibly non smooth.

Q(z, z0) = F (z0) + hz � z0,rF (z0)i+ L

2
kz � z0k2 +G(z)

F convex, smooth, with Lipschitz continuous gradient LF .

8 z, z0 , F (z) +G(z)  Q(z, z0)If L � LF , then



Sparse Coding - L1
❖ Minimize Q(z,z’) with respect to z:!

• Unique minimizer!

• PROXIMAL OPERATOR of F+G:!

!

• Iterative Shrinkage Thresholding Algoritm (ISTA):

PL(z
0) = argmin

z
{QL(z, z

0)}
= argmin

z
G(z) +

L

2
kz � (z0 � 1

L
rF (z0))k2

zk+1 = PL(z
k)

zk+1 = argmin
z

G(z) +
L

2
kz � (zk � 1

L
rF (zk))k2



Sparse Coding - L1

Loop until some convergence criterion is 
satisfied

How do we get L?

zk+1 ⇥ argmin
z

G(z) +
L

2
||z � (zk � 1

L
⇤F (zk))||2

t
1

2
||Y �

X

i

Dizi||22

X

i

|zi|1

zk+1 ⇥ argmin
z

�||z||1 +
L

2
||z � t||2

zk+1  sh�/L

✓
zk � 1

L
rF (zk)

◆
�

L

�

L

zk+1  sh�/L

✓
zk � 1

L
DT (Dz � Y )

◆



Sparse Coding - L1

L is the step size for gradient step

It is the smallest Lipschitz constant of the 
smooth function F(z) and is equal to 
largest eigenvalue of DTD

In practice, one does a line search

Function ISTA (Y,D)
L>0,c>1,z=0
repeat
Search L s.t. Q(z)>F(z)+G(z)
zk+1 = sh(zk-1/L DT(Dz-Y))

until convergence



Sparse Coding - L1
❖ Convergence Rate of ISTA:!

!

!

❖ Can we find a faster first-order method?

kzk � z⇤k = O

✓
1

k

◆
.



❖ Use Momentum in a clever way:!

!

!

!

!

❖ First Order, Optimal convergence for 1st order method:

FISTA !
[Nesterov’83, Beck and Teboulle’09]

yk = sh�/L

✓
zk � 1

L
DT (Dzk � Y )

◆

t(k+1) =
1 +

q
1 + 4t2(k)

2

zk = yk +
t(k) � 1

t(k+1)
(yk � yk�1)

kzk � z⇤k = O

✓
1

k2

◆
.



Sparse Coding - Learning

How about D?

We want to learn it

Adapt to data

Use online learning for D

E(Y, z,D) =
1

2
||Y �

X

i

Dizi||22 + �
X

i

|zi|1

L(Y,D) =
1

|Y|
X

Y �Y
E(Y, z,D)

Per sample energy

Loss



Sparse Coding - Learning

For each sample, 

1. do inference

minimize E(Y,z,D) wrt z  (use any SC algo)

2. update parameters

3. Constrain elements of D to be unit norm

Y � Y

D  D � �
⇥E

⇥D

dictionary elements grow, z gets smaller, 
sparsity term gets discarded



Sparse Coding - Learning
Learned dictionary D by training in natural 
image patches



Sparse Coding - Learning

Learned dictionary D by training on MNIST 
digits



Sparse Coding

Cool, available software?

http://www.di.ens.fr/willow/SPAMS/

http://cs.nyu.edu/~koray

Applications

Image denoising

Inpainting

Classification

Recognition

...

http://www.di.ens.fr/willow/SPAMS/
http://www.di.ens.fr/willow/SPAMS/
http://cs.nyu.edu/~koray
http://cs.nyu.edu/~koray


Image Processing Applications

Slides from Julien Mairal

http://www.di.ens.fr/~mairal/resources/pdf/
ERMITES10.pdf

http://www.di.ens.fr/~mairal/resources/pdf/ERMITES10.pdf
http://www.di.ens.fr/~mairal/resources/pdf/ERMITES10.pdf
http://www.di.ens.fr/~mairal/resources/pdf/ERMITES10.pdf
http://www.di.ens.fr/~mairal/resources/pdf/ERMITES10.pdf


Sparse representations for image restoration
[Mairal, Sapiro, and Elad, 2008d]

Julien Mairal Sparse Coding and Dictionary Learning 16/182



Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008b]
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Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008b]
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Sparse representations for video restoration

Key ideas for video processing

[Protter and Elad, 2009]

Using a 3D dictionary.

Processing of many frames at the same time.

Dictionary propagation.

Julien Mairal Sparse Coding and Dictionary Learning 19/182



Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: Inpainting results.
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Sparse representations for image restoration
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Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: Inpainting results.

Julien Mairal Sparse Coding and Dictionary Learning 22/182



Sparse representations for image restoration
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Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: Inpainting results.
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. σ = 25
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Sparse representations for image restoration
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. σ = 25
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Digital Zooming
Couzinie-Devy, 2010, Original
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Digital Zooming
Couzinie-Devy, 2010, Bicubic
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Digital Zooming
Couzinie-Devy, 2010, Proposed method

Julien Mairal Sparse Coding and Dictionary Learning 32/182



Digital Zooming
Couzinie-Devy, 2010, Original
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Digital Zooming
Couzinie-Devy, 2010, Bicubic
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Digital Zooming
Couzinie-Devy, 2010, Proposed approach
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Inverse half-toning
Original
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Inverse half-toning
Reconstructed image
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Inverse half-toning
Original
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Inverse half-toning
Reconstructed image
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Inverse half-toning
Original
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Inverse half-toning
Reconstructed image
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Inverse half-toning
Original
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Inverse half-toning
Reconstructed image
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Inverse half-toning
Original
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Inverse half-toning
Reconstructed image
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph

Julien Mairal Sparse Coding and Dictionary Learning 62/182



Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Sparse Coding for Recognition

Recognition requires two basic operations

Feature extraction

Classification

Feature extraction

F(Y ) : Y ⇥� z
SIFT, HoG, ....

Convolutional Nets (w/o the last layer)

Use sparse coding inference as feature 
extractor

MP(Y) or ISTA(Y)



Sparse Coding for Recognition

z

⇤(x) = argmin
z

1

2
kx�Dzk2 + �kzk1 .

xi

❖ Unsupervised Learning / Manifold Learning:



z

⇤(x) = argmin
z

1

2
kx�Dzk2 + �kzk1 .

xi

❖ Unsupervised Learning / Manifold Learning:

Sparse Coding for Recognition



z

⇤(x) = argmin
z

1

2
kx�Dzk2 + �kzk1 .

xi

❖ Unsupervised Learning / Manifold Learning:

Sparse Coding for Recognition

x1 x2

z

⇤
(x1), z

⇤
(x2) same support

kz⇤(x1)� z

⇤(x2)k ⇡ kx1 � x2k



z

⇤(x) = argmin
z

1

2
kx�Dzk2 + �kzk1 .

xi

❖ Unsupervised Learning / Manifold Learning:

Sparse Coding for Recognition

x3
x4

z

⇤
(x1), z

⇤
(x2) di↵erent support

kz⇤(x3)� z

⇤(x4)k � kx3 � x4k



z

⇤(x) = argmin
z

1

2
kx�Dzk2 + �kzk1 .

xi

❖ Unsupervised Learning / Manifold Learning:

Sparse Coding for Recognition

x3
x4

z

⇤
(x1), z

⇤
(x2) di↵erent support

kz⇤(x3)� z

⇤(x4)k � kx3 � x4kintrinsic metric ⇡



Sparse Coding for Recognition

Mid-level feature extraction

F(z) : z ⇥� z0

First layer

SIFT, HoG, .....

Second layer

Quantize into a visual wordbook

Do Sparse coding to learn wordbook



Learning Codebooks for Image Classification

Let an image be represented by a set of low-level descriptors yi at N
locations identified with their indices i = 1, . . . ,N.

hard-quantization:

yi ≈ Dαi , αi ∈ {0, 1}p and
p

∑

j=1

αi [j ] = 1

soft-quantization:

αi [j ] =
e−β∥yi−dj∥22

∑p
k=1 e

−β∥yi−dk∥22

sparse coding:

yi ≈ Dαi , αi = argmin
α

1

2
∥yi −Dα∥22 + λ∥α∥1

Julien Mairal Sparse Coding and Dictionary Learning 103/182



Learning Codebooks for Image Classification
Table from Boureau et al. [2010]

Yang et al. [2009] have won the PASCAL VOC’09 challenge using this
kind of techniques.

Julien Mairal Sparse Coding and Dictionary Learning 104/182



Training Sparse Inference
❖ Sparse Coding solution requires per-datapoint 

optimization: L0 (very expensive) or L1 (expensive)!

❖ Efficient algorithms, but still slow!

❖ Can we train a feed-forward Neural Network that 
predicts sparse codes for feature extraction?!

• Predictive Sparse Decomposition (PSD) [Kavukcuoglu 
et al’08]!

• LISTA [Gregor, YLC’10]



Predictive Sparse Decomposition

Learning

For each sample from data, do:

1. Fix K and D, minimize to get optimal z

2. Using the optimal value of z update D and K

3. Scale elements of D to be unit norm.

Sparse Coding Prediction
C(Y ;K) = g · tanh(y � k)

E(Y, z,D,K) =
1

2
||Y �

X

i

Dizi||22 + ⇥
X

i

|zi|1 + �||z � C(Y ;K)||22



Encoder (K) Decoder (D)

Predictive Sparse Decomposition

12 x12 natural image patches

256 dictionary elements



Recognition - C101

Optimal (Feature Sign, Lee’07) vs PSD features

PSD features perform slightly better

Naturally optimal point of sparsity

After 64 features not much gain

PSD features are hundreds of times faster
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Unsupervised Learning improves by 20%



Pedestrian Detection
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❖ Proximal splitting algorithms (ISTA, FISTA): !

!

!

❖ Idea: Unroll the recurrence K steps:

LISTA!
[Gregor & LeCun’10]

Y
1

L
DT

S
S = I � 1

L
DTD

Zsh�/L

sh�/L

Y

sh�/L S sh�/L S sh�/L S

We

Trainable parameters: We, S, �.

F (Y,W, S)



Training LISTA

❖ Results [from Gregor, YLC’10]:!

!

!

!

!

!

❖ Can perform “explaining away” unlike PSD with matrix S

E(Y, z,W, S) =
1

2

X

i

kYi �Dzik2 + �
X

i

kzik1 + �/2kzi � F (Yi, S,W )k2 .

Learning Fast Approximations of Sparse Coding

Algorithm 6 LCoD::bprop

LCoD :: bprop(Z∗,X, Z,We, S, θ, δX, δWe, δS, δθ)
;; Arguments are passed by reference.
;; Variables e(t), k(t), b(t) and B(T ) were saved
Initialize: δS = 0; δZ = 0
B = B(T ); δB = h′

θ(B).(Z − Z∗)
for t = T − 1 down to 1 do

k = k(t); δe =
∑

j δBj .Sjk

∀j ∈ [1,m] : δSjk = δSjk + δBj .e(t)
δBk = δBk + h′

θk
(b(t)) (δZk + δe)

δθk = δθk − sign(b(t))h′

θk
(b(t)) (δZk + δe)

δZk = −δe
end for
δWe = δB.XT ; δX = WT

e .δB

cedures (though they sometimes are fatal to deter-
ministic gradients methods). Explicitly deriving the
back-propagation procedure is beyond the scope of this
short paper, but suffices to say that writing down the
block diagram of the fprop provides a mechanical way
to write down the bprop. One must emphasize that
each step in the bprop procedure requires only O(m)
operations. The amount of storage required for each
iteration is also O(m). Apart from B(T ), the other
saved variables are scalars.

4. Results

In the first set of experiments we compare the perfor-
mance of different methods on exact sparse code pre-
diction. The data-set consists of a quasi infinite supply
image patches of size 10×10 pixels, randomly selected
from the Berkeley image database. Each patch is pre-
processed to remove its mean and normalize its vari-
ance. The patches with small standard deviations were
discarded. A sparsity coefficient α = 0.5 was used in
Equation 1.

The dictionary of basis vectors Wd in (1) was trained
by iterating the following standard procedure: (1) get
an image patch from the training set Xp; (2) calcu-
late the optimal code Z∗p using the CoD Algorithm 2;
(3) update Wd with one step of stochastic gradient
Wd ← Wd − ηdEWd

E(Xp, Z∗p)/dWd; (4) renormalize
the column of Wd to unit norm; (5) iterate. The step
size was decreased with a 1/t schedule. The procedure
resulted in the usual gabor-like filters. We considered
two cases, one with m = 100 (complete code) and one
with m = 400 (4 times over-complete code).

Once Wd was trained, the LISTA and LCoD encoders
were trained as follows: (1) get an image patch from
the training set Xp; (2) calculate the optimal code Z∗p

using the CoD Algorithm 2; (3) perform fprop through
the encoder using either Algorithm 3 or 5 to predict
a code; (4) perform bprop through the encoder using
Algorithms 4 or 6; (5) update the encoder parameters

Table 1. Prediction error (squared error between the op-
timal code and the predicted codes) for different non-
linearities of the baseline encoder (7), and for LISTA and
FISTA. LISTA produces a much better estimate after one
iteration than FISTA.

Non-linearity 100 units 400 units

D tanh(x) 8.6 10.7
D(tanh(x + u) + tanh(x − u)) 3.33 4.62
hα(x) 3.29 4.82

LISTA 1 iteration 1.50 2.45
LISTA 3 iterations 0.98 2.12
LISTA 7 iterations 0.52 1.62

FISTA 1 iteration 21. 22.

using the gradient thereby obtained with equation 6;
(6) iterate.

We compare the various encoders by measuring the
squared error between the code predicted by the en-
coders and the optimal code Z∗. The code predic-
tion error for different non-linearities with the baseline
encoder 7 is shown in Table 1. The shrinkage func-
tion and the “double tanh” perform similarly, and are
both considerably better than the D tanh non-linearity
of (Kavukcuoglu et al., 2008). Interestingly, they are
also much better than FISTA with 1 iteration, even
though the computation is considerably less.

LISTA The prediction error for LISTA are shown in
Table 1 and Figure 3 for a varying depth. We see
that the higher the depth, the better the prediction
error. A single iteration of LISTA reduces the error by
almost a factor of 2 over a simple shrinkage encoder.
More interestingly LISTA is stupendously better than
FISTA: It takes 18 iterations of FISTA to reach the
same error obtained with 1 iteration of LISTA for m =
100, and 35 iteration for m = 400.

One problem with LISTA is that the multiplication
by S matrix takes O(m2) or O(mk), as opposed to
O(mn) for FISTA. To reduce the computational bur-
den at the expense of accuracy we experimented with
reduced forms for S with two methods. In the first
method, we express S as S = UT

1 U2, where U1 and
U2 are q ×m matrices, U1 with normalized rows. The
amount of operations is thus reduced by cf = 2q/m.
We attempted to enforce U2 = UT

1 but the results
were worse. In the second method, we simply con-
strain a fraction of elements of S to remain zero dur-
ing training. The elements that are suppressed are
the elements with the smallest absolute value in the
FISTA S-matrix I −WT

d Wd. The results are shown
in Figure 4. We see that it is more efficient to remove
elements than to reduce the rank. Removing about


